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A constitutive model is derived for the elastic behavior of rubbers at arbitrary three-dimensional deformations with
ﬁnite strains. An elastomer is thought of as an incompressible network of ﬂexible chains bridged by permanent junctions
that move aﬃnely with the bulk material. With reference to the concept of constrained junctions, the chain ends are
assumed to be located at some distances from appropriate junctions. These distances are not ﬁxed, but are altered under
deformation. An explicit expression is developed for the distribution function of vectors between junctions (an analog of
the end-to-end distribution function for a ﬂexible chain with ﬁxed ends). An analytical formula is obtained for the strain
energy density of a polymer network, when the ratio of the mean-square distance between the ends of a chain and appro-
priate junctions is small compared with the mean-square end-to-end distance of chains. Stress–strain relations are derived
by using the laws of thermodynamics. The governing equations involve three adjustable parameters with transparent phys-
ical meaning. These parameters are found by ﬁtting experimental data on plain and particle-reinforced elastomers. The
model ensures good agreement between the observations at uniaxial tension and the results of numerical simulation, as
well as an acceptable prediction of stresses at uniaxial compression, simple shear and pure shear, when its parameters
are found by matching observations at uniaxial tensile tests.
 2006 Elsevier Ltd. All rights reserved.
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This paper is concerned with modeling the elastic behavior of elastomers at arbitrary three-dimensional
deformations with ﬁnite strains. Although stress–strain relations in rubber elasticity have attracted substantial
attention during the past half a century (the main results of investigations are summarized by Treloar (1975)
and Erman and Mark (1998)), this subject has remained a focus of attention in the past decade, see, e.g.,
review articles by Yeoh and Fleming (1997), Boyce and Arruda (2000), Kloczkowski (2002), Rubinstein
and Panyukov (2002), Heinrich et al. (2003), to mention a few.
The interest to constitutive modeling of elastomers may be explained by two reasons. From the standpoint
of applications, it is driven by synthesis of novel polymer materials (including composites with elastomeric0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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as by development of new methods of experimental analysis.
From the point of view of theoretical research, this interest may be attributed to the fact that a number of
fundamental issues in the rubber elasticity theory remain rather obscure. For illustration of this statement, we
recall some hypotheses of the classical theory of rubber elasticity (Treloar, 1975).
At deformations with relatively high strain rates (when viscoelastic phenomena may be neglected), a rub-
bery polymer is modeled as a network of chains bridged by permanent junctions (chemical cross-links and
entanglements between chains). A strand (a part of a chain between two nearby junctions) is treated as a
Gaussian chain (which means that the origin of its elastic response is merely entropic).
To characterize the free energy of an individual strand, correlations are to be established between macro-
deformation of a specimen and micro-deformation of the strand. These correlations are traditionally
grounded on the assertion that junctions move aﬃnely with the bulk material, which means that the deforma-
tion gradient for micro-deformation coincides with that for macro-deformation (‘‘the network junctions are
securely embedded in the medium of which they are a part’’ (Flory, 1977)).
In some sense, these hypotheses contradict one another, as the classical theory of rubber elasticity associ-
ates the elastic response of a strand with thermal ﬂuctuations of its segments, on the one hand, and it disre-
gards thermal ﬂuctuations of chemical cross-links and entanglements (elements whose size is comparable with
that of a statistical segment), on the other.
This contradiction has been emphasized by Ronca and Allegra (1975) and Flory (1977), who suggested two
diﬀerent scenarios for deformation of networks with ﬂuctuating junctions. A common feature of these
approaches is treatment of a ﬂexible chain and appropriate junctions as independent ‘‘structural members’’
of a polymer network (Flory, 1977).
The diﬀerence between the two models lies in the assumptions regarding vectors connecting ends of a chain
with network junctions. In the Flory–Erman model (Flory, 1977; Erman and Flory, 1978; Flory and Erman,
1982), these vectors are thought of as independent Gaussian variables with the zero mean and a given disper-
sion. In the Ronca–Allegra model (Ronca and Allegra, 1975) it is presumed that the total mean-square dis-
tance between the ends of a chain and the junctions equals a given quantity. It should be noted that in the
original models, the dispersion of the random vectors and the mean-square distance between the chain ends
and the network junctions are described by more sophisticated tensor functions, but this fact is disregarded for
simplicity.
Although both approaches are semi-statistical (they are grounded on ad hoc relations that connect the aver-
age distance between ends of a chain and network junctions with a measure of macro-deformation), design of
constitutive equations for polymer networks within the concept of constrained junctions attracted substantial
attention. The Flory–Erman theory was generalized in several directions: the constrains on junctions were
replaced with (i) constraints on the position of the center of mass of a chain (Erman and Monnerie, 1989)
and (ii) constraints imposed on conﬁgurations of the entire chain (Kloczkowski et al., 1995a,b) to derive an
analog of the tube theory for entangled polymer melts (Edwards and Vilgis, 1988). Another version of the lat-
ter approach (where constraints on available conﬁgurations of a chain were imposed in the Fourier space) was
recently suggested by Everaers (1998).
Derivations of stress–strain relations in the Flory–Erman theory and its modiﬁcations are rather simple
from the technical standpoint. It is presumed that the Hamiltonian of a ﬂexible chain with constrained junc-
tions (or more sophisticated restrictions on available conﬁgurations) equals the sum of the Hamiltonian of a
Gaussian chain and the energy of constraints treated as a quadratic form of ﬂuctuations. The quadratic form
is entirely described by its matrix, whose dependence on a measure of deformation is postulated a priori. The
Green function for a chain (an analog of the end-to-end distribution function) is determined by the conven-
tional functional integral (Kleinert, 1995), which is calculated explicitly for the quadratic Hamiltonian. The
free energy of a chain is determined with the help of the Boltzmann formula. It equals the sum of a quadratic
form of the vector connecting junctions (the matrix of this form may depend, however, on a deformation mea-
sure in a rather complicated manner) and the logarithmic function of distance between junctions (this func-
tions arises due to the normalization condition imposed on the Green function). Averaging the free energy
of a chain over all vectors connecting junctions, one arrives at the strain energy that equals the sum of the
energy of a neo-Hookean medium and a logarithmic correction similar to that arising in the Gent model
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network naturally arises in the model of constrained junctions due to ﬂuctuations of chain ends near their
junctions, while attempts to attribute a similar term to ﬁnite extensibility of chains (Horgan and Saccomandi,
2002) appear to be rather artiﬁcial.
Unlike the Flory–Erman scenario, the description of deformation of a network with constrained junctions
within the Ronca–Allegra approach is more complicated (and, as a consequence, may lead to a more adequate
description of the mechanical response). The requirement that the chain ends are located at ﬁxed distances
from appropriate junctions is equivalent to the introduction of the Dirac delta-function of appropriate argu-
ments into the expression for the Green function. As a result, calculation of the functional integral becomes a
non-trivial task. Ronca and Allegra (1975) resolved this problem by treating a network as a single chain that is
‘‘connected’’ to junctions at some internal points and assuming the number of strands in a chain and the num-
bers of statistical segments in a strand to be large compared with unity. Taking the limits when these quantities
approach inﬁnity, they arrived at a strongly non-Gaussian expression for the distribution function of vectors
between junctions.
The objective of this study is two-fold: (i) to derive an explicit expression for the free energy of a ﬂexible
chain whose ends are located at a ﬁxed distance from the network junctions and to calculate the strain energy
density of a network of chains under the assumption that thermal ﬂuctuations of the chain ends are small com-
pared with the mean-square-root end-to-end distance of the chain (‘‘outside this limit . . . the whole concept of
chain entanglements becomes irrelevant’’ (Kutter and Terentjev, 2001)), and (ii) to develop constitutive equa-
tions for a network with constrained junctions and to ﬁnd adjustable parameters in the stress–strain relations
by matching experimental data on plain and particle-reinforced rubbers at uniaxial tension, uniaxial compres-
sion, simple shear and pure shear.
Fitting of observations is performed for two purposes: (i) to demonstrate that the model (with only three
material constants) correctly approximates experimental data at strains up to several hundreds per cent, and
(ii) to show that the adjustable parameters are aﬀected by chemical structure and composition of elastomers in
a physically plausible way.
The diﬀerence between this study and previous works consists in the following: (i) by using the Laplace
transform method, an analytical formula is developed for the Green function of an individual chain with con-
strained junctions, and (ii) the stress–strain relations are derived by using the laws of thermodynamics under
the hypothesis that the mean-square distance between the chain ends and the network junctions increases
under deformation with the rate proportional to the work of external forces per unit time. It is worth noting
that although the physical idea of mechanically-induced release of constraints imposed on chains by surround-
ing macro-molecules is not new, the structure of our constitutive equations diﬀers substantially from that of
stress–strain relations available in the literature. Some similarity may be mentioned between the present con-
stitutive equations and (i) the Drozdov–Dorfmann model (Drozdov and Dorfmann, 2003) (the presence of a
kinetic equation in the stress–strain relations), as well as (ii) the slip-link model (Ball et al., 1981) (the structure
of the governing equation for the Cauchy stress tensor).
The exposition is organized as follows. The Green function of a ﬂexible chain with constrained junctions is
determined in Section 2. Strain energy of a chain is calculated in Section 3. In Section 4, constitutive equations
are derived for a network of chains whose mean-square distances from junctions are aﬀected by mechanical
factors. The stress–strain relations are simpliﬁed for uniaxial tension of an incompressible medium in Section
5, where an algorithm of ﬁtting observations is reported. The eﬀects of ﬁller content and chemical composition
of elastomers on the adjustable parameters in the governing equations are studied in Section 6. The accuracy
of predictions of the constitutive equations is assessed in Section 7, where results of numerical simulation are
compared with observations at uniaxial compression, simple shear and pure shear. Some concluding remarks
are formulated in Section 8.
2. Free energy of a ﬂexible chain with constrained junctions
With reference to Flory (1977), two objects are introduced: (i) a ﬂexible chain, and (ii) two junctions, one of
which is ﬁxed at the origin and the other is located at a point with radius vector Q. Following Edwards (1965),
we treat a ﬂexible chain as a space curve with some contour length L. An arbitrary conﬁguration of the chain
A.D. Drozdov / International Journal of Solids and Structures 44 (2007) 272–297 275is determined by the function r(s), where r stands for radius vector and s 2 [0,L]. For deﬁniteness, we suppose
that the ends s = 0 and s = L of the chain are located at some points with radii vectors X0 and X1. This means
that the vector-function r(s) obeys the boundary conditionsrð0Þ ¼ X0; rðLÞ ¼ X1: ð1Þ
The end-to-end vector of the chain reads X = X1  X0, while the vector between junctions is Q. The total dis-
tance c between the chain ends and the corresponding junctions is determined asc2 ¼ X 10 þ ðX1 QÞ2; ð2Þ
where x2 = x Æx for any vector x and the dot stands for inner product.
The curve r(s) is characterized by some ‘‘internal structure’’. For a Gaussian chain, this structure is deter-
mined by the average length b0 of statistically independent segments and the number of segments N 1.
These quantities are connected with the contour length L by the conventional formula L = b0N. The Hamil-
tonian of a Gaussian chain is given byH 0ðrÞ ¼ 3kBT
2b0
Z L
0
dr
ds
ðsÞ
 2
ds; ð3Þwhere kB denotes Boltzmann’s constant, and T stands for the absolute temperature.
The Hamiltonian H of a ﬂexible chain with constrained junctions equals the sum of Hamiltonian H0 and
the Hamiltonian H1 that ensures that the vectors X0 and X1 are located in the vicinity of the vectors 0 and Q,
respectively,H ¼ H 0 þ H 1: ð4Þ
Following Ronca and Allegra (1975), we setH 1 ¼ v½X 20 þ ðX1 QÞ2; ð5Þ
where vP 0 is a constant. Formula (5) is chosen to avoid mathematical diﬃculties in the derivations of basic
relations. In the resulting expression, the limit v! 0 will be taken.
The Green function of the system ‘‘chain and junctions’’ is given byGðQÞ ¼
Z
dX0
Z
dðX 20 þ ðX1 QÞ2  c2ÞdX1
Z rðLÞ¼X1
rð0Þ¼X0
exp HðrðsÞÞ
kBT
 
D½rðsÞ; ð6Þwhere d stands for the Dirac delta-function, and the path integral with the measure D½r is calculated over all
curves r(s) that satisfy boundary conditions (1). The presence of the Dirac function on the right-hand side of
Eq. (6) ensures that the Green function equals the average ofexp  H
kBT
 
;where averaging is performed over all curves r(s), whose ends are located at a distance c from the junctions.
As the functional integral is determined up to an arbitrary multiplier, the normalization condition is
imposed on the function G(Q),Z
GðQÞdQ ¼ 1; ð7Þwhere integration is performed over the entire space. Formula (7) guarantees that the Green function coincides
with the distribution function of vectors Q between junctions.
Substitution of expressions (3)–(5) into Eq. (6) yieldsGðQÞ ¼
Z
expðvX 20ÞdX0
Z
dðX 20 þ ðX1 QÞ2  c2Þ expðvðX1 QÞ2ÞdX1

Z rðLÞ¼X1
rð0Þ¼X0
exp H 0ðrðsÞÞ
kBT
 
D½rðsÞ: ð8Þ
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located at points with radii vectors X0 and X1. The latter function is given by Doi and Edwards (1986)G0ðX0;X1Þ ¼ G exp  3
2b2
ðX1  X0Þ2
 
; ð9Þwhere G is a constant pre-factor to be determined later and b ¼ ﬃﬃﬃﬃﬃﬃﬃb0Lp is the mean-square-root end-to-end dis-
tance for a Gaussian chain. Insertion of expression (9) into Eq. (8) and change of the order of integration yieldGðQÞ ¼ G
Z
expðvðX1 QÞ2ÞdX1
Z
dðX 20 þ ðX1 QÞ2  c2Þ exp 
3ðX1  X0Þ2
2b2
 vX 20
" #
dX0: ð10ÞCalculating the integrals in Eq. (10), we arrive at the formula (see Appendix A for detail)GðQÞ ¼ 4p
2
ﬃﬃﬃ
p
p
c3b2G
3Q
exp  3Q
2
2b2
 c2v
 Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
p
sinh
3cQ
b2
ﬃﬃﬃﬃﬃ
2s
p 
exp  3c
2s
b2
 
ds: ð11ÞTaking the limit as v! 0 in Eq. (11), we ﬁnd thatGðQÞ ¼ 4p
2
ﬃﬃﬃ
p
p
c3b2G
3Q
exp  3Q
2
2b2
 Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
p
sinh
3cQ
b2
ﬃﬃﬃﬃﬃ
2s
p 
exp  3c
2s
b2
 
ds: ð12ÞFormula (12) describes the distribution function of vectors Q connecting the junctions for arbitrary parame-
ters b and c. To simplify this expression, we suppose that the average distance between the chain ends and the
network junctions is small compared with the mean-square-root end-to-end distance. This hypothesis will be
veriﬁed in what follows by comparison with experimental data. Settinge ¼ c
b
 2
ð13Þand assuming e to be small compared with unity, we expand the function in the integrand in Eq. (12) into the
Taylor series to getGðQÞ ¼ ð2pÞ52b4e2G exp  3Q
2
2b2
 

Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sð1 sÞ
p
1þ 3es Q
b
 2
 1
" #
þ 9
2
e2s2
3
5
Q
b
 4
 2 Q
b
 2
þ 1
" #
þ   
( )
ds:Calculating the integrals over s by means of the Euler beta-function, we obtainGðQÞ ¼ 1
2
p3
ﬃﬃﬃﬃﬃ
2p
p
b4e2G exp  3Q
2
2b2
 
1þ 3
2
e
Q
b
 2
 1
" #
þ 45
32
e2
3
5
Q
b
 4
 2 Q
b
 2
þ 1
" #
þ   
( )
: ð14ÞThe pre-factor G is found by inserting Eq. (14) into the normalization condition (7). Omitting simple algebra,
we arrive at the formulaGðQÞ ¼ 3
2pb2
 3
2
exp  3Q
2
2b2
 
1þ 3
2
e
Q
b
 2
 1
" #
þ 45
32
e2
3
5
Q
b
 4
 2 Q
b
 2
þ 1
" #
þ   
( )
: ð15ÞEq. (15) describes the Green function of a ﬂexible chain with constrained junctions. The conﬁgurational free
energy of the chain is given byF ðQÞ ¼ kBT lnGðQÞ: ð16Þ
Combination of Eqs. (15) and (16) implies thatF ðQÞ ¼ kBT 3Q
2
2b2
 ln 1þ 3
2
e
Q
b
 2
 1
 !
þ 45
32
e2
3
5
Q
b
 4
 2 Q
b
 2
þ 1
 ! !
þ   
" #
 3
2
ln
3
2pb2
 ( )
:
ð17Þ
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2
kBT
3e2
16
Q
b
 4
þ 1 e 1 3
8
e
  
Q
b
 2
þ e 1 3
8
e
 
 ln 3
2pb2
 
þ   
( )
: ð18ÞFormula (18) expresses the conﬁgurational free energy F of a chain with constrained junctions in terms of the
vector Q connecting junctions.
3. Strain energy of a chain with constrained junctions
Following the conventional approach in the non-linear theory of elasticity (Drozdov, 1996), two states of
an elastic medium are distinguished: (i) the initial (reference) state occupied before deformation, and (ii) the
actual (deformed) state that the medium acquires after application of external loads.
The positions of a ﬂexible chain are determined by the vectors connecting junctions in the reference, Q, and
actual, q, states. To establish a connection between these vectors, we apply the aﬃnity hypothesis, according to
which the deformation gradient at the micro-level coincides with the deformation gradient F for macro-defor-
mation. This means that the vector between junctions in the actual state q readsq ¼ F Q: ð19Þ
Given a deformation gradient F, we introduce the left and right Cauchy–Green tensors by the conventional
relationsB ¼ F  FT; C ¼ FT  F; ð20Þ
where T stands for transpose. Keeping in mind that q2 = Q ÆC ÆQ, where we used Eqs. (19) and (20), we ﬁnd
the increment of conﬁgurational free energy of a chain from Eq. (18),DF ¼ F ðqÞ  F ðQÞ ¼ 3kBT
2b2
1 e 1 3
8
e
  
ðQ  C Q Q2Þ þ 3e
2
16b2
½ðQ  C QÞ2  Q4
	 

; ð21Þwhere higher-order terms are disregarded. Formula (21) implies that the increment of conﬁgurational free en-
ergy depends on the vector between junctions in the initial state Q and the right Cauchy–Green tensor C.
The strain energy of a chain w is deﬁned as the average increment of conﬁgurational free energy, where
averaging is performed over the initial distribution p(Q) of vectors Q,wðCÞ ¼
Z
DF ðC;QÞpðQÞdQ: ð22ÞThe distribution of vectors between junctions in the reference state is assumed to be Gaussian with the mean-
square-root end-to-end distance b,pðQÞ ¼ 3
2pb2
 3
2
exp  3Q
2
2b2
 
: ð23ÞThe rubber elasticity theory provides no rational explanation of this relation except for that Eq. (23) postu-
lates that the mean-square distance between junctions in an undeformed network ‘‘is the same as that of the
un-cross-linked free chains’’ (Kloczkowski et al., 1995a). Substitution of expressions (21) and (23) into Eq.
(22) implies thatwðCÞ ¼ 3kBT
2b2
3
2pb2
 3
2

Z
1 e 1 3
8
e
  
ðQ  C Q Q2Þ þ 3e
2
16b4
ðQ  C Q2Þ  Q4 	 
 exp  3Q2
2b2
 
dQ: ð24ÞThe integral in Eq. (24) is calculated in Appendix B,
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2
kBT 1 e 1 3
8
e
  
ðJ 1  3Þ þ e
2
16
ð3J 21  4J 2  15Þ
 
; ð25Þwhere J1 and J2 are the ﬁrst two principal invariants of the Cauchy–Green tensor C. Eq. (25) describes the
strain energy of a ﬂexible chain with constrained junctions.
4. Constitutive equations for an incompressible network
To determine the strain energy density of an incompressible network, we suppose that the strain energy of
an ensemble of chains (per unit volume) equals the sum of strain energies of individual chains. This hypothesis
means that the energy of interaction between chains is not included into the expression for the strain energy,
but is taken into account in terms of the incompressibility condition only (Treloar, 1975).
Denote byN the number of chains per unit volume. Multiplying the strain energy of a chain (25) by the
number of chains per unit volume, we ﬁnd the strain energy density of an incompressible network of chains
with constrained junctions,W ¼ l 1 e 1 3
8
e
  
ðJ 1  3Þ þ e
2
16
ð3J 21  4J 2  15Þ
 
; ð26Þwhere l ¼ 1
2
kBTN stands for the elastic modulus.
It is worth noting that in the ﬁrst approximation with respect to small parameter e, the strain energy W
coincides with that for a network of standard Gaussian chainsW  ¼ lðJ 1  3Þ; ð27Þ
where the number of chains per unit mass equalsNð1 eÞ. The diﬀerence between Eqs. (26) and (27) appears
in the second approximation with respect to e.
To calculate the derivative of the strain energy densityW with respect to time t, we treatW as a function of
three arguments, J1, J2 and e, that are aﬀected by deformation. The derivatives of the principal invariants of
the right Cauchy–Green tensor are determined as (Drozdov, 1996)dJ 1
dt
¼ 2B : D; dJ 2
dt
¼ 2B1 : D; ð28Þ
where the left Cauchy–Green tensor B is given by Eq. (20).
To describe mechanically-induced changes in the mean-square distance between ends of a chain and appro-
priate junctions, we postulate that the derivative of e with respect to time is proportional to the work of exter-
nal forces per unit time,de
dt
¼ jR0 : D; eð0Þ ¼ e0; ð29Þwhere e0 stands for the mean-square distance between ends of a chain and appropriate junctions in the refer-
ence state, j is a constant pre-factor, R is the Cauchy stress tensor, D is the rate-of-strain tensor, the prime
stands for the deviatoric component of a tensor, and the colon denotes convolution.
Diﬀerentiation of Eq. (26) with respect to time yieldsdW
dt
¼ W 1 dJ 1
dt
þ W 2 dJ 2
dt
þ W 0 de
dt
; ð30ÞwhereW 1 ¼ oWoJ 1 ¼ l 1 eþ
3
8
e2ð1þ J 1Þ
 
; W 2 ¼ oWoJ 2 ¼ l
e2
4
;
W 0 ¼ oWoe ¼ l
e
8
3J 1ð2þ J 1Þ  4J 2  33ð Þ  ðJ 1  3Þ
h i
:
ð31ÞCombination of expressions (28)–(30) implies thatdW
dt
¼ 2ðW 1B W 2B1Þ : Dþ jW 0R0 : D: ð32Þ
A.D. Drozdov / International Journal of Solids and Structures 44 (2007) 272–297 279To derive constitutive equations for an incompressible network of ﬂexible chains with constrained junctions,
we substitute expression (32) into the Clausius–Duhem inequality for isothermal deformation of an incom-
pressible network,Q ¼  dW
dt
þ R0 : DP 0;
where Q stands for the rate of internal dissipation, and ﬁnd thatQ ¼ ð1 jW 0ÞR0  2ðW 1B W 2B1Þ
 
: DP 0:For an arbitrary deformation program, the Clausius–Duhem inequality is satisﬁed with the zero rate of inter-
nal dissipation Q, provided that the Cauchy stress tensor R is determined byR ¼ .Iþ 2W 1B W 2B
1
1 jW 0 ; ð33Þwhere I is the unit tensor and . stands for an unknown pressure. Eqs. (29), (31) and (33) describe stress–strain
relations for an incompressible network of ﬂexible chains with constrained junctions. These relations involve
three adjustable parameters: the elastic modulus l, the mean-square distance between ends of a chain and
appropriate junctions in the reference state e0, and the rate of mechanically-induced release of constraints j.
5. Uniaxial tension of an incompressible medium
Our aim now is to simplify the constitutive equations for uniaxial tension of an incompressible specimen.
Uniaxial tension is described by the formulasx1 ¼ kX 1; x2 ¼ k12X 2; x3 ¼ k12X 3;
where {Xj} and {xj} are Cartesian coordinates in the reference and actual states, respectively, and k stands for
elongation ratio. The Cauchy–Green tensors B and C and the rate-of-strain tensor D readB ¼ C ¼ k2e1  e1 þ k1ðe2  e2 þ e3  e3Þ; D ¼ 1k
dk
dt
e1  e1  1
2
ðe2  e2 þ e3  e3Þ
 
; ð34Þwhere ej are base vectors of the Cartesian frame in the reference state. The principal invariants of the Cauchy–
Green tensors are given byJ 1 ¼ k2 þ 2k1; J 2 ¼ 2kþ k2: ð35Þ
Substitution of Eq. (34) into Eq. (33) implies thatR ¼ Re1  e1 þ R0ðe2  e2 þ e3  e3Þ;
whereR ¼ .þ 2W 1k
2  W 2k2
1 jW 0 ; R0 ¼ .þ 2
W 1k
1  W 2k
1 jW 0 : ð36ÞExcluding pressure . from Eq. (36) and the boundary condition on the lateral surface of the specimen R0 = 0,
we obtainR ¼ 2ðk2  k1ÞW 1 þ W 2k
1
1 jW 0 :It follows from this relation that the engineering tensile stress r = R/k is determined by the formular ¼ 2ðk k2ÞW 1 þ W 2k
1
1 jW 0 : ð37ÞInserting expressions (34) and (37) into Eq. (29), we arrive at the diﬀerential equationde
dk
¼ jr; eð1Þ ¼ e0: ð38Þ
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elongation ratio k at uniaxial tension of an incompressible network.
To approximate experimental data, we present Eqs. (31), (37) and (38) in the formr ¼ lr; r ¼ 2f 1ðk; eÞ
1 Kf 2ðk; eÞ
k 1
k2
 
;
de
dk
¼ Kr; eð1Þ ¼ e0; ð39Þwhere K = lj, andf1ðk; eÞ ¼ 1 eþ e
2
8
3þ 3k2 þ 4
k
 
;
f2ðk; eÞ ¼ e
4
3 k2 þ 2
k
 
k2 þ 2
k
þ 2
 
 4 2kþ 1
k2
 
 33
 
 k2 þ 2
k
 3
 
;and employ the following algorithm. Given a stress–strain curve, we ﬁx some intervals [0,K0] and [0, 0], where
the best-ﬁt parameters K and e0 are assumed to be located, and divide these intervals by the points K
(i) = iDK
and eðjÞ0 ¼ jD, where D K = K0/J, D = 0/J and i, j = 0,1, . . . ,J  1. For each pair fKðiÞ; eðjÞ0 g, we integrate Eq.
(39) numerically by the Runge–Kutta method with the step Dk = 103 and determine the function rðkÞ. The
coeﬃcient l is found by the least-squares technique from the condition of minimum of the functionF ¼
X
m
rexpðkmÞ  r numðkmÞ½ 2;where summation is performed over all elongation ratios km, at which measurements are reported, r
exp is the
engineering stress measured in a test, and rnum is given by Eq. (39). The best-ﬁt quantities bK and e^0 are found
from the condition of minimum for the function F on the set fKðiÞ; eðjÞ0 g. Afterwards, we replace the initial
intervals with the new intervals ½bK  DK; bK þ DK and ½^e0  D; e^0 þ D and repeat the same calculations.
To ensure an acceptable accuracy of ﬁtting for each stress–strain diagram, we set J = 10 and perform the opti-
mization procedure three times.6. Fitting of observations
To evaluate the constitutive equations, we approximate stress–strain diagrams on several plain and particle-
reinforced elastomers. Our purpose is to demonstrate that (i) Eq. (39) correctly describe observations, (ii)
material constants l, K and e0 change consistently with composition, and (iii) the dimensional function e(k)
found by matching experimental data remains small compared with unity.
We begin with the analysis of the stress–strain diagram on natural rubber (Treloar, 1944) plotted in Fig. 1.
The choice of this set of data is explained by the fact that it is conventionally employed to assess the quality of
constitutive models (Attard and Hunt, 2004; Elias-Zuniga and Beatty, 2002; Miroshnychenko et al., 2005; to
mention a few). Following the above algorithm of ﬁtting, we determine the adjustable parameters
l = 0.166 MPa, K = 1.6 · 103 and e0 = 0.092, which imply that the condition e0	 1 is satisﬁed. Fig. 1 shows
good agreement (v2 = 2.57 · 103) between the observation and the results of numerical simulation. To char-
acterize the accuracy of ﬁtting, we employ the standard v2 criterion,v2 ¼ 1
mmax
Xmmax
m¼1
rexpðkmÞ  r numðkmÞ
rexpðkmÞ
 2
;where mmax is the number of experimental points. The dependence e(k) is also depicted in Fig. 1. The numer-
ical analysis reveals that the dimensionless parameter emonotonically increases with k and obeys the condition
e	 1 for all elongation ratios up to the breakage point.
We proceed with the approximation of experimental data on carbon black-ﬁlled (23 phr, where phr stands
for parts per hundred parts of rubber) natural rubber reported by Laraba-Abbes et al. (2003a,b). The stress–
strain curve plotted in Fig. 2 is obtained on a non-preconditioned specimen, while the dependencies depicted in
Fig. 3 are measured on preconditioned samples (10 cycles of loading-unloading with a frequency of 0.01 Hz
and the maximal elongation ratio kmax). Following the above algorithm, we determine material parameters by
Fig. 1. The engineering tensile stress r, the engineering longitudinal stress rk and the mean-square distance between the chain ends and the
network junctions e versus elongation ratio k. Circles: experimental data on natural rubber gum (Treloar, 1944). Solid lines and diamonds:
results of numerical simulation.
Fig. 2. The engineering stress r versus elongation ratio k. Circles: experimental data on carbon black-ﬁlled natural rubber (Laraba-Abbes
et al., 2003a). Solid line: results of numerical simulation.
A.D. Drozdov / International Journal of Solids and Structures 44 (2007) 272–297 281matching each stress–strain curve separately. Figs. 2 and 3 demonstrate good agreement between the experi-
mental data and the results of numerical simulation (v2 = 5.34 · 103 for the curve depicted in Fig. 2 and v2
varies between 1.09 · 102 and 1.59 · 102 for the curves presented in Fig. 3). The adjustable parameters are
plotted versus maximal elongation ratio kmax in Fig. 4. The experimental data are approximated by the linear
equationsl ¼ lð0Þ  lð1Þkmax; K ¼ Kð0Þ þ Kð1Þkmax; e0 ¼ eð0Þ0  eð1Þ0 kmax; ð40Þ
where the coeﬃcients are determined by the least-squares method. This ﬁgure demonstrates that cyclic pre-
loading results in a weak decrease in the elastic modulus l (driven by breakage of the secondary network
of carbon black), a strong reduction in the initial mean-square distance between the chain ends and the net-
work junctions e0 (induced by destruction of aggregates of ﬁller) and the growth of the coeﬃcient K. The latter
Fig. 3. The engineering stress r versus elongation ratio k. Symbols: experimental data on preconditioned samples of carbon black-ﬁlled
natural rubber (Laraba-Abbes et al., 2003b). Solid lines: results of numerical simulation.
Fig. 4. The elastic modulus l, the coeﬃcient K, and initial the mean-square distance e0 versus maximum elongation ratio at
preconditioning kmax. Symbols: treatment of observations (Laraba-Abbes et al., 2003a,b). Solid lines: approximation of the experimental
data by Eq. (40) with l(0) = 0.48, l(1) = 0.034, K(0) = 2.72 · 103, K(1) = 3.33 · 103 and eð0Þ0 ¼ 0:51; eð1Þ0 ¼ 0:093.
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black causes an increase in stresses in polymer chains, and, as a consequence, induces weakening of constraints
imposed on the chain ends by surrounding macro-molecules).
To assess the eﬀect of concentration of ﬁller on material constants, we approximate observations on silica-
reinforced natural rubber with various contents of silica /. The experimental data reported by Bokobza and
Chauvin (2005) are depicted in Fig. 5 together with their ﬁts by the model. This ﬁgure shows that the results of
numerical simulation are in good accord with the observations (for all curves, v2 does not exceed 1.04 · 102).
The adjustable parameters l,K and e0 are plotted versus concentration of silica in Fig. 6. The experimental
data are approximated by the linear equationsl ¼ lð0Þ þ lð1Þ/; K ¼ Kð0Þ þ Kð1Þ/; e0 ¼ eð0Þ0  eð0Þ0 /; ð41Þ
Fig. 5. The engineering stress r versus elongation ratio k. Symbols: experimental data on silica-ﬁlled natural rubber (Bokobza and
Chauvin, 2005). Solid lines: results of numerical simulation.
Fig. 6. The elastic modulus l, the coeﬃcient K, and the initial mean-square distance e0 versus concentration of silica /. Symbols:
treatment of observations (Bokobza and Chauvin, 2005). Solid lines: approximation of the experimental data by Eq. (41) with l(0) = 0.13,
l(1) = 5.21 · 103, K(0) = 1.23 · 104, K(1) = 1.54 · 103, and eð0Þ0 ¼ 0:14; eð1Þ0 ¼ 2:63 103.
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match the observations. The elastic modulus l linearly increases with content of ﬁller (in agreement with con-
ventional models for the eﬀect of reinforcement on moduli of composites). The decrease in e0 with content of
ﬁller may be explained by the fact that the presence of silica particles reduces molecular mobility of polymer
chains, which is reﬂected by the model as a decay in the mean-square distance between the chain ends and the
network junctions. The growth of the coeﬃcient K may be attributed to mechanically-induced breakage of the
secondary network of silica and redistribution of stresses in the matrix.
To show that these conclusions regarding the decay in e0 and the growth of K with content of ﬁller are not
general, but are associated with a special type of aggregation of silica particles into a secondary network, we
perform approximation of the experimental data on synthetic rubber (cis-1,4-polyisoprene) reinforced with
Fig. 7. The engineering stress r versus elongation ratio k. Symbols: experimental data on synthetic rubber reinforced with modiﬁed nano-
clay (Vu et al., 2001). Solid lines: results of numerical simulation.
Table 1
Adjustable parameters for nano-clay-ﬁlled synthetic rubber
/ (phr) l (MPa) K · 104 e0
10 0.27 1.9 0.18
20 0.33 1.3 0.19
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strain curves on specimens with two concentrations of ﬁller / (Vu et al., 2001) are plotted in Fig. 7 together
with their approximations by the constitutive model. This ﬁgure demonstrates good agreement between the
observations and the results of numerical simulation (v2 < 4.6 · 103). The best-ﬁt adjustable parameters
are listed in Table 1. According to this table, the elastic modulus l increases with content of ﬁller, the
mean-square distance e0 remains practically independent of /, while the coeﬃcient K decreases with concen-
tration of nano-clay. The latter seems quite natural, as reinforcement of rubbery networks by intercalated
nano-clay platelets substantially reduces molecular mobility of chains located in galleries, as well as near
the surfaces of ﬁller particles.
Finally, we approximate the experimental stress–strain dependencies on an elastomer (ethylene–propylene
monomer) (EPM) reinforced with 30 phr of metallic acrylates (zinc dimethacrylate) designated as XA and SR
(Lu et al., 2005). The experimental data plotted in Fig. 8 are chosen to test the model for the following reason.
As the stress–strain curves are measured on the same elastomer with the same amount of ﬁller (but with dif-
ferent chemical composition of nano-particles), it is natural to expect that the elastic moduli of the composites
adopt similar values. On the other hand, the curves depicted in Fig. 8 noticeably deviate from one another at
large deformations. Our aim is to demonstrate that the values of l found by matching these two sets of obser-
vations are rather close to each other, despite the pronounced diﬀerence in tensile stresses. Following the
above described algorithm, we determine adjustable parameters in the governing equations and calculate ten-
sile stresses for each set of data separately. The results of numerical simulation are depicted in Fig. 8, which
shows good quality of ﬁtting observations (v2 = 1.3 · 102 and 2.6 · 102, respectively).The material con-
stants are collected in Table 2. According to this table, the elastic moduli of the elastomers practically coincide
(the diﬀerence is about 5%), whereas the diﬀerence in the mechanical behavior is reﬂected by the diﬀerence in K
and e0.
Fig. 8. The engineering stress r versus elongation ratio k. Symbols: experimental data on ethylene–propylene monomer reinforced with
zinc dimethacrylate (Lu et al., 2005). Solid lines: results of numerical simulation.
Table 2
Adjustable parameters for EPM reinforced with zinc dimethacrylate
Filler l (MPa) K · 104 e0
SR 0.58 6.6 0.23
XA 0.61 8.7 0.36
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Our aim now is to demonstrate that the stress–strain relations can correctly predict experimental data at
one mode of deformation, when the material parameters are found by matching observations at another
mode. For this purpose, we ﬁnd adjustable parameters at uniaxial tension and perform numerical simulation
of the elastic response at (i) uniaxial compression, (ii) simple shear, and (iii) pure shear.
We begin with the analysis of experimental data on two grades of decumyl peroxide-cured natural rubber
designated in the original study (Roland et al., 1999) as NR-1 and NR-2. The observations at uniaxial tension
and compression are depicted in Fig. 9. For each stress–strain diagram under tension, we apply the above
described algorithm to ﬁt the experimental data, ﬁnd the material constants l, K and e0, and calculate the elas-
tic response at tension and compression with the help of Eq. (39), which are applicable at both deformation
modes. Fig. 9 shows excellent agreement (v2 < 2.0 · 103) between the observations and the results of numer-
ical simulation with the material constants collected in Table 3. According to Fig. 9, the constitutive model
provides an acceptable prediction of the mechanical behavior of both grades of rubber at compression, when
its parameters are determined by matching data in tensile tests. Comparison of Fig. 9 with Fig. 2 in Roland
et al. (1999) demonstrates that the quality of predicting the observations at compression is higher (at least, for
rubber vulcanizate NR-1) than the quality of ﬁtting these data by the constraint release model with the same
number of material constants.
We proceed with the analysis of observations reported by Kawamura et al. (2001) on two end-linked poly
(dimethyl siloxane) (PDMS) networks prepared from a melt and a concentrated solution of precursor PDMS.
The experimental stress–strain diagrams are plotted in Fig. 10. Applying the above algorithm of ﬁtting, we
ﬁnd the material parameters by matching the data at uniaxial tension and calculate the mechanical response
at tension and compression with the help of Eq. (39). Fig. 10 demonstrates good agreement (v2 < 1.3 · 102)
between the observations and the results of numerical simulation both at tension (ﬁtting) and compression
(prediction). The accuracy of ﬁtting is comparable with that reported by Kawamura et al. (2001), despite
Table 3
Adjustable parameters for two grades of natural rubber
Rubber l (MPa) K · 101 e0
NR-1 0.13 1.05 0.0
NR-2 0.22 0.93 0.04
Fig. 10. The engineering stress r versus elongation ratio k. Symbols: experimental data on end-linked PDMS networks (Kawamura et al.,
2001). Solid lines: results of numerical simulation.
Fig. 9. The engineering stress r versus elongation ratio k. Symbols: experimental data on two grades of natural rubber (Roland et al.,
1999). Solid lines: results of numerical simulation.
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vations (at tension, as well as at compression) were used to determine material constants.
The adjustable parameters in the governing equations are collected in Table 4. This table reveals a pro-
nounced diﬀerence between two networks. For the network prepared from solution, the initial mean-square
distance between the chain ends and appropriate junctions e0 equals zero, but it strongly increases under defor-
mation (K > 0). On the contrary, for the network prepared from melt, the dimensionless distance e0 is
Table 4
Adjustable parameters for PDMS networks prepared from solution and melt
Preparation l (MPa) K · 101 e0
Solution 0.041 1.3 0.00
Melt 0.108 0.0 0.19
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pared from solution to that of the network prepared from melt (0.38) is rather close to the corresponding ratio
(0.45) of Young’s moduli measured by Kawamura et al. (2001) at uniaxial tension with small strains.
Our aim now is to compare observations at simple shear with the results of numerical simulation obtained
by using the constitutive model with the material parameters determined by matching experimental data at
uniaxial tension. Simple shear of a layer is described by the formulasx1 ¼ X 1 þ kX 2; x2 ¼ X 2; x3 ¼ X 3;
where {Xk} and {xk} are Cartesian coordinates in the reference and actual states, respectively. The deforma-
tion gradient F and the rate-of-strain tensor D readF ¼ Iþ ke1  e2; D ¼ 1
2
dk
dt
ðe1  e2 þ e2  e1Þ: ð42ÞSubstitution of these expressions into Eq. (20) results inB ¼ Iþ kðe1  e2 þ e2  e1Þ þ k2e1  e1; C ¼ Iþ kðe1  e2 þ e2  e1Þ þ k2e2  e2 ð43Þ
which implies thatJ 1 ¼ J 2 ¼ 3þ k2: ð44Þ
Insertion of expression (43) into Eq. (33) yields the following formula for the shear stress s = R12:s ¼ 2kW 1 þ W 2
1 jW 0 : ð45ÞBearing in mind that at simple shear,R0 : D ¼ s dk
dt
;we ﬁnd from Eq. (29) thatde
dk
¼ js; eð0Þ ¼ e0: ð46ÞEqs. (45) and (46) together with Eqs. (31) and (44) describe the dependence s(k) at simple shear of a specimen.
We begin with the analysis of observations at uniaxial tension and simple shear of high damping rubber
reported by Dorfmann and Burtscher (2000). The experimental data (measured after two cycles of pre-condi-
tioning) are reproduced in Fig. 11. First, we match observations at uniaxial tension by using the above algo-
rithm and determine the experimental constants l = 0.25 MPa, K = 2.9 · 103 and e0 = 0.32. Afterwards, we
calculate the shear stress with the help of Eqs. (45) and (46). Fig. 11 demonstrates good agreement between
the experimental data at uniaxial tension and the results of numerical simulation (v2 = 8.9 · 103). The accu-
racy of prediction of the data at simple shear is acceptable up to k = 2.0. At larger shear strains, the quality of
prediction is reduced. Fig. 11 reveals that the model underestimates the shear stress: the diﬀerence between the
observations and their predictions reaches 19% at the highest shear deformation.
We proceed with the study of experimental data on uniaxial tension and simple shear of natural rubber
vulcanizates with various contents / of sulfur and accelerator (Yeoh and Fleming, 1997). The experimental
stress–strain diagrams at uniaxial tension are depicted in Fig. 12 together with the results of numerical simu-
lation. This ﬁgure shows excellent agreement between the observations and the results of numerical analysis
(v2 < 7.6 · 103). The adjustable parameters l, K and e0 are plotted versus concentration of sulfur and
Fig. 11. The engineering tensile stress r versus elongation ratio k and the shear stress s versus shear k. Symbols: experimental data on high
damping rubber (Dorfmann and Burtscher, 2000). Solid lines: results of numerical simulation.
Fig. 12. The engineering tensile stress r versus elongation ratio k. Symbols: experimental data on unﬁlled rubber vulcanizates with various
contents / of sulfur and accelerator (Yeoh and Fleming, 1997). Solid lines: results of numerical simulation.
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imated by linear functions (41), where the coeﬃcients are determined by the least-squares technique. Fig. 13
demonstrates that Eq. (41) adequately describe the eﬀect of sulfur and accelerator on the experimental con-
stants. The elastic modulus linearly increases with concentration of cross-links, in accord with its deﬁnition
in Eq. (26). The initial mean-square distance e0 grows with / as well, whereas the rate K of mechanically-
induced increase in e diminishes with /. The experimental stress–strain curves in simple shear are depicted
in Fig. 14 together with their predictions by the model. This ﬁgure reveals that the stress–strain relations cor-
rectly predict the elastic behavior of all rubber vulcanizates at shears up to k = 1.5 and slightly overestimate
the shear stress at higher deformations. The deviations between the results of numerical analysis and the exper-
imental data at the maximal deformation equal 18.7%, 15.6%, 12.2% and 9.6% at / = 0.5, 1.0, 1.5 and 2.0 phr.
Fig. 13. The elastic modulus l, the coeﬃcient K, and the initial mean-square distance e0 versus concentration of sulfur and accelerator /.
Symbols: treatment of observations (Yeoh and Fleming, 1997). Solid lines: approximation of the experimental data by Eq. (41) with
l(0) = 0.062, l(1) = 0.13, K(0) = 5.7 · 103, K(1) =  1.6 · 103, and eð0Þ0 ¼ 0:060; eð1Þ0 ¼ 0:13.
Fig. 14. The shear stress s versus shear k. Symbols: experimental data on unﬁlled rubber vulcanizates with various contents / of sulfur and
accelerator (Yeoh and Fleming, 1997). Solid lines: results of numerical simulation.
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and 15.6%, respectively) reported by Yeoh and Fleming (1997), where predictions were performed based on
a phenomenological model with four material constants.
Our aim now is to compare the mechanical response in uniaxial tensile tests and pure shear tests. Pure shear
of an incompressible material is conventionally described by the formulasx1 ¼ kX 1; x2 ¼ X 2; x3 ¼ k1X 3;
where {Xk} and {xk} are Cartesian coordinates in the reference and actual states, respectively. The deforma-
tion gradient F and the rate-of-strain tensor D are given byF ¼ ke1  e1 þ e2  e2 þ k1e3  e3; D ¼ 1k
dk
dt
ðe1  e1  e3  e3Þ: ð47Þ
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According to Eq. (48), the principal invariants of the Cauchy–Green tensors readJ 1 ¼ J 2 ¼ 1þ k2 þ k2: ð49Þ
Combination of Eqs. (33) and (48) implies thatR ¼ R1e1  e1 þ R2e2  e2 þ R3e3  e3;
whereR1 ¼ .þ 2W 1k
2  W 2k2
1 jW 0 ; R2 ¼ .þ 2
W 1  W 2
1 jW 0 ; R3 ¼ .þ 2
W 1k
2  W 2k2
1 jW 0 :Excluding the unknown pressure . from these relations and the boundary condition R3 ¼ 0, we arrive at the
formulasR1 ¼ 2ðk2  k2ÞW 1 þ W 2
1 jW 0 ; R2 ¼ 2ð1 k
2ÞW 1 þ W 2k
2
1 jW 0 :Introducing the engineering tensile stresses rk ¼ R1=k and r? ¼ R2, we obtainrk ¼ 2ðk k3ÞW 1 þ W 2
1 jW 0 ; r? ¼ 2ð1 k
2ÞW 1 þ W 2k
2
1 jW 0 : ð50ÞInserting Eqs. (47) and (50) into Eq. (29), we ﬁnd that the function e(k) obeys Eq. (38), where r is replaced with
rk. Eqs. (38) and (50) together with Eqs. (31) and (49) describe the engineering longitudinal rk and transverse
r? stresses at pure shear of an elastomer.
To examine these equations, we return to the experimental data on natural rubber gum reported by Treloar
(1944), use the adjustable parameters found by matching the observations at uniaxial tension, and calculate
the longitudinal stress rk at pure shear. The experimental data and the results of numerical simulation are
depicted in Fig. 1, which demonstrates excellent quality of prediction (v2 < 1.2 · 102).
We proceed with the study of experimental data on sulfur-cured natural rubber reported by Kluppel and
Schramm (2000). First, we approximate the stress–strain diagram at uniaxial tension with the help of the algo-
rithm exposed in Section 5 and determine the material constants l = 0.32 MPa, K = 3.8 · 103 and e0 = 0.15.
Using these parameters, we calculate the longitudinal stress rk from Eqs. (38) and (50) and present the results
of numerical analysis in Fig. 15. This ﬁgure shows very good agreement between the experimental data in uni-
axial tension and pure shear and the results of numerical simulation (the quality of prediction is higher than
the accuracy of measurements v2 < 1.7 · 103).
We now analyze experimental data on plain and carbon black-ﬁlled styrene–butadiene rubber reported by
Yamashita and Tanaka (2002). The engineering longitudinal stress rk and the engineering transversal stress r?
measured in pure shear tests are plotted versus elongation ratio k in Fig. 16. Fitting the experimental data for
the longitudinal stress rk, we determine the material constants l,K and e0. These quantities are collected in
Table 5. Afterwards, we calculate the transversal stress r? and plot both stresses versus elongation ratio k
in Fig. 16. This ﬁgure demonstrates good agreement between the observations on rk and the results of numer-
ical simulation. The quality of prediction of the transversal stress r? is quite acceptable for plain rubber, but
the model slightly underestimates r? at relatively large elongation ratios (r > 1.7). The maximal deviation
between the results of numerical analysis and the observations for carbon black-ﬁlled elastomer equals about
10%. Table 5 reveals that reinforcement of rubber induces an increase in the elastic modulus l, a decrease in
the initial mean-square distance e0 between the chain ends and the network junctions, and a modest increase in
the rate K of mechanically-driven changes in the mean-square distance. All these conclusions are in accord
with the results depicted in Fig. 6 that illustrates the eﬀect of ﬁller (silica) content on the material parameters
of natural rubber.
Finally, we study experimental data on an end-linked poly(dimethyl siloxane) network with the volume
fraction of precursor chains / = 0.914 (Urayama et al., 2003). We begin with matching experimental data
Fig. 15. The engineering tensile stress r and the engineering longitudinal stress rk versus elongation ratio k. Symbols: experimental data on
sulfur-cured natural rubber (Kluppel and Schramm, 2000). Solid lines: results of numerical simulation.
Fig. 16. The engineering longitudinal rk and transversal r? stresses versus elongation ratio k. Symbols: experimental data on unﬁlled and
carbon black-reinforced styrene–butadiene rubber (Yamashita and Tanaka, 2002). Solid lines: results of numerical simulation.
Table 5
Adjustable parameters for styrene–butadiene rubber
Rubber l (MPa) K · 101 e0
Plain 0.65 0.93 0.25
Filled 0.79 1.10 0.14
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l = 0.078 MPa, K = 0.035 and e0 = 0.0. Then, we calculate the engineering transverse stress r? at pure shear
and the engineering tensile stress r at uniaxial tension and compare the results of numerical simulation with
observations. Fig. 17 demonstrates good agreement between the observations and the results of numerical sim-
ulation for the longitudinal stress at pure shear rk (v
2 < 5.0 · 103). Prediction of the transverse stress r?
seems acceptable for practical applications, but it is far from being perfect: the model underestimates r? at
Fig. 17. The engineering longitudinal rk and transverse r? stresses at pure shear and the engineering tensile stress r at uniaxial tension
versus elongation ratio k. Symbols: experimental data on end-linked PDMS network (Urayama et al., 2003). Solid lines: results of
numerical simulation.
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imum elongation ratio k = 1.6. Our prediction of the longitudinal stress r appears to be good
(v2 = 3.6 · 102).
It is of interest to compare the accuracy of predictions based on the proposed model with the accuracy of
approximations of the same observations based on the slip-link model (Edwards and Vilgis, 1988) with 4
adjustable parameters. The corresponding results were reported by Urayama et al. (2003), who demonstrated
the following maximal deviations between the experimental data and the results of numerical analysis: the slip-
link model overestimates the transversal stress r? by 9% and underestimates the tensile stress r by 5%.
Although the quality of approximation of the transversal stress exceeds that obtained in the present study,
the improvement of accuracy was reached owing to (i) an increase in the number of material constants and
(ii) the use of all available observations in the ﬁtting procedure.
8. Concluding remarks
A constitutive model has been derived for the elastic behavior of rubbers at arbitrary three-dimensional
deformations with ﬁnite strains. An elastomer is treated as an incompressible network of chains bridged by
permanent junctions that move aﬃnely with macro-deformation. The chain ends are not rigidly connected
with junctions, but are located at some distance from them (this distance characterizes the intensity of con-
straints imposed on an individual chain by surrounding macromolecules). The mean-square distance between
the chain ends and the network junctions is altered under loading. The rate of its change is proportional to the
work of external forces per unit time.
Stress–strain relations have been developed by using the laws of thermodynamics. The constitutive equa-
tions involve three material constants with transparent physical meaning. The adjustable parameters are deter-
mined by ﬁtting experimental data on unﬁlled and particle-reinforced rubbers. It is demonstrated that the
model correctly describes observations at uniaxial tension, and the experimental parameters are altered with
concentration of ﬁller and chemical structure of elastomers in a physically plausible way. The algorithm for
determining these quantities is rather stable: deviations between the values of l and e0 and their approxima-
tions by Eq. (41) may be treated as negligible. For the most ‘‘unstable’’ parameter K, deviations between its
values and their linear approximations do not exceed 10%.
To assess the quality of the model, the stress–strain relations are applied to predict observations at uniaxial
compression, simple shear and pure shear when the material constants are determined by matching experimen-
tal data at uniaxial tension. It is shown that the constitutive equations adequately predict observations at uni-
axial compression and provide fair agreement with observations at simple and pure shear. The maximal
A.D. Drozdov / International Journal of Solids and Structures 44 (2007) 272–297 293discrepancy between the model predictions and the data does not exceed 20%, the quantity which seems rather
modest compared with that for other constitutive models with the same number of material parameters.
Appendix A
To perform integration in Eq. (10) explicitly, we replace the delta-function with its Fourier presentationdðzÞ ¼ 1ﬃﬃﬃﬃﬃ
2p
p
Z 1
1
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Appendix B
To calculate the integral in Eq. (24), we introduce a Cartesian coordinate frame {xk}, whose base vectors
ik(k = 1,2,3) are directed along the eigenvectors of the symmetric tensor C and an appropriate spherical coor-
dinate frame {Q,h,/}. Bearing in mind thatQ ¼ Q½ðcos/i1 þ sin/i2Þ sin hþ i3 cos h;
C ¼ K1i1  i1 þ K2i2  i2 þ K3i3  i3;
ðB:1Þwhere Kk are eigenvalues of the tensor C and  stands for tensor product, we ﬁnd that
Q  C Q ¼ Q2½ðK1 cos2 /þ K2 sin2 /Þ sin2 hþ K3 cos2 h: ðB:2ÞCombination of Eqs. (24) and (B.2) yieldsw ¼ w1 þ w2; ðB:3Þ
wherew1 ¼ 3kBT
2b2
1 e 1 3
8
e
  
3
2pb2
 3
2
Z 1
0
exp  3Q
2
2b2
 
Q4 dQ
Z 2p
0
d/

Z p
0
ðK1 cos2 /þ K2 sin2 /Þ sin2 hþ K3 cos2 h
  1  sin h dh;
w2 ¼ 9kBT e
2
32b4
3
2pb2
 3
2
Z 1
0
exp  3Q
2
2b2
 
Q6 dQ
Z 2p
0
d/

Z p
0
ðK1 cos2 /þ K2 sin2 /Þ sin2 hþ K3 cos2 h
 2  1n o sin hdh
ðB:4ÞTaking into account thatZ 1
0
exp  3Q
2
2b2
 
Q4 dQ ¼ 3
ﬃﬃﬃ
p
2
r
b2
3
 5
2
;
Z 1
0
exp  3Q
2
2b2
 
Q6 dQ ¼ 15
ﬃﬃﬃ
p
2
r
b2
3
 7
2
;we ﬁnd from the ﬁrst equality in Eq. (B.4) thatw1 ¼ 3kBT
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Straightforward calculations result in
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where J1 and J2 are principal invariants of the Cauchy–Green tensor C, we arrive at Eq. (25).
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